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By generalizing the well known results for reflection and refraction of plane waves at the vacuum–
medium interface to Gaussian light beams, we obtain analytic formulas for reflection and refraction
of the TM and TE laser light pulses. This enables us to give a possible explanation why no reflection
was observed in light pulse photographs in some vicinity of the air–resin interface, given in L. Gao,
J. Liang, C. Li, and L. V. Wang, Nature 516, 74 (2014). We suggest how to modify the experimental
setup so as to observe the reflected pulse.
PACS numbers: 42.25.Gy
I. INTRODUCTION
In an impressive paper [1] describing ultrafast photog-
raphy (1011 frames per second), among examples given
there was a laser light pulse photograph in some vicinity
of the vacuum–resin interface, see Fig. 3(b) in [1]. The
transmitted pulse could be seen there, but no reflected
one was observed. Here we try to explain why there was
no reflection, and how to modify the experimental setup
to observe it.
In Sec. II we show that the Gaussian beams for which
the transverse dimensions are constant along the beam,
behave in full analogy to plane waves, and we derive for-
mulas pertaining to their reflection and refraction at the
plane vacuum–medium interface.
Section III deals with reflection and refraction of laser
pulses, and Sec. IV specifies these results to the pulses
used in [1] and contains the final conclusions.
We assume that in our laboratory Cartesian coordinate
system (x, y, z), with a medium at y < 0 and vacuum
at y > 0, we can fulfil the boundary conditions at the
interface, y = 0, by a superposition of three beams prop-
agating in the x, y plane: the incident (i), reflected (r)
and refracted (or transmitted, t) Gaussian beam. In the
paraxial approximation, we can describe any such steady
state TM beam as [2, 3] (Gaussian units)
Hzi,r,t = Ci,r,t exp
(
− x
2
i,r,t
w2xi,r,t
− z
2
w2z
)
× exp{i[(ky)i,r,t − ωt]}, (1a)
Exi,r,t = −Zi,r,tHzi,r,t , ki,r,t = ω ni,r,t/c, (1b)
where Ci = 1, Cr = RTM is the reflection coefficient,
Ct = TTM is the transmission coefficient, yi,r,t are Carte-
sian coordinates along each beam, xi,r,t are similar co-
ordinates for transverse directions, ω is the angular fre-
quency, c is the speed of light in vacuum, ki,r,t are the
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wave numbers, ni,r = 1 and nt = n ≡ √µ are the re-
fraction indexes of vacuum and medium, Zi,r = 1 and
Zt =
√
µ/ are similar field impedances, and the posi-
tive constants  and µ characterize the medium.
Note that for each beam, the radii wx and wz are con-
stant here (y independent), which requires y to be small
as compared to the Rayleigh ranges yˆx and yˆz:
(y/yˆx,z)
2  1, yˆx,z = piw2x,z/λ, (2)
where λ = (c/n)2pi/ω is the wavelength.
Note that by TM (or TE) polarization we mean or-
thogonality of the H (or E) vector with respect to the
plane of incidence (x, y in our case).
II. BOUNDARY CONDITIONS
In the limit wx → ∞ and wz → ∞ in (1), we obtain
the plane waves: Hz = C exp
[
i(ky − ωt)]. Therefore in
this limit, the continuity of the tangential components of
E and H for the incident plus reflected beam versus the
transmitted one at the interface (y = 0) implies the Snell
law
ϕr = ϕi, n sinϕt = sinϕi, (3)
and the Fresnel formulas [3, 4]
(
ν = n cosϕt
)
RTM =
 cosϕi − ν
 cosϕi + ν
, TTM = 1 +RTM, (4a)
RTE =
µ cosϕi − ν
µ cosϕi + ν
, TTE = 1 +RTE, (4b)
where ϕi, ϕr and ϕt are the angles of incidence, reflection
and refraction.
For finite radii wxi,r,t and wz = wzi,r,t , we have to take
into account linear relations defining xi,r,t and yi,r,t as
functions of the laboratory x and y (zi,r,t = −z):
xi,r,t = (x, y) · xˆi,r,t, yi,r,t = (x, y) · yˆi,r,t, (5)
where hats denote unit vectors for local coordinate axes
of each beam,
xˆi,r = (± cosϕi, sinϕi), xˆt = (cosϕt, sinϕt), (6)
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2yˆi,r = (sinϕi,∓ cosϕi), yˆt = (sinϕt,− cosϕt). (7)
At the boundary, y = 0, equations (5) lead to
x2i,r
w2xi,r
= x2
cos2 ϕi
w2xi,r
,
x2t
w2xt
= x2
cos2 ϕt
w2xt
. (8)
Thus if x = z = 0, Eq. (1) is the same as that for plane
waves, and the boundary conditions are satisfied. They
will be satisfied also for nonzero x and z, if the RHSs of
(8) are the same, i.e., if
wxr = wxi , wxt = wxi
cosϕt
cosϕi
> wxi . (9)
For the TE Gaussian beam one has to replace TM →
TE, Hzi,r,t → Ezi,r,t , and Hxi,r,t = Ezi,r,t/Zi,r,t.
III. SPECIFICATION TO LASER PULSES
If the incident laser beam is not monochromatic, but
has a spectrum function F (ω), we have to include all
harmonics, and the time behavior of all beams will be
given by the integral (Inverse Fourier Transform)∫ ∞
−∞
F (ω) exp(iωt¯) dω at t¯ =
yi,r,t
c/ni,r,t
− t. (10)
For a Gaussian spectrum function
F (ω) = exp{−[(ω − ω0)/b]2}, (11)
centered about ω = ω0, the Gaussian wave packets will
be obtained. In that case, for a conveniently normalized
TM laser beam, we end up with (neglecting the common
factor b
√
pi):
Hz(y > 0) = exp
[
− x
2
i
w2xi
− (yi − ct)
2
w2yi
− z
2
w2z
+ ik0(yi − ct)
]
+RTM exp
[
− x
2
r
w2xi
− (yr − ct)
2
w2yr
− z
2
w2z
+ ik0(yr − ct)
]
,(12)
Hz(y ≤ 0) = (1 +RTM) exp
[
− x
2
t
w2xt
− (yt − ct/n)
2
w2yt
− z
2
w2z
+ ik0n(yt − ct/n)
]
, (13)
where
wyi = 2c/b, wyr = wyi , wyt = wyi/n, (14)
are the the light pulse radii along each beam, while
k0 = 2pi/λ0, λ0 = cT0 and T0 = 2pi/ω0 are the vac-
uum wavenumber, wavelength and period for the beam
carrier, ω = ω0. See also (5)–(7) and (9) for remaining
definitions, in which ϕt = arcsin[(sinϕi)/n].
Replacing Hz → Ez and RTM → RTE in (12) and (13),
we obtain the TE beam fields.
The real parts of the complex coordinates Hz and Ez
defined above give us the z coordinates of the real phys-
ical fields.
From now on, it will be convenient to work with di-
mensionless variables, by measuring time and space di-
mensions in the units of T0 and λ0, see Figs. 1–4. This
implies c = 1 and k0 = 2pi in (12) and (13).
At t = 0, for each of the pulses in (12) and (13), the real
part is a product of a strongly oscillating function of yi,r,t
[cos(2piyi), cos(2piyr), and cos(2pinyt), with wavelengths
λi = λr = 1, λt = 1/n], and the envelope which is a
Gaussian proportional to
exp
[−(space coordinate/pulse radius)2]. (15)
During time evolution starting at some t = tin < 0, the
incident and reflected pulses move along the yi and yr
axes with unit velocities, and the refracted pulse along
the yt axis with the velocity 1/n.
Notice that there is a common factor exp
(−z2/w2z) in
(12) and (13). Its square will appear as a common factor
in formulas defining energy densities (time averaged over
fast oscillations with ω = 2ω0), proportional to µHzH
∗
z
and EzE
∗
z . Integrating these formulas dz from −∞ to
∞ we obtain (time averaged) surface energy densities,
ETM(x, y, t) and ETE(x, y, t). Again neglecting the com-
mon factor (wz
√
pi/2), we end up with
ETM(x, y > 0, t) = exp
[
−
( xi
wxi/
√
2
)2
−
( yi − t
wyi/
√
2
)2]
+R2TM exp
[
−
( xr
wxi/
√
2
)2
−
( yr − t
wyi/
√
2
)2]
+2RTM exp
[
−x
2
i + x
2
r
w2xi
− (yi − t)
2 + (yr − t)2
w2yi
]
cos
(
4piy cosϕi
)
, (16)
ETM(x, y ≤ 0, t) = µ(1 +RTM)2 exp
[
−
( xt
wxt/
√
2
)2
−
(yt − t/n
wyt/
√
2
)2]
. (17)
3-100 -50 0 50 100
0.0
0.5
1.0
1.5
2.0
ETEH0,y,0L
HaL
y
-4 -2 0 2 4
0.0
0.5
1.0
1.5
2.0
ETEH0,y,0L
HbL
y
FIG. 1. (Color online) (a): ETE(x = 0, y, t = 0) versus y. (b):
Blowup demonstrating discontinuity in ETE due to discontinu-
ity in  at the interface (y = 0), ETE(y = 0−) =  ETE(y = 0+).
This also demonstrates continuity of Ez at the interface.
Replacing TM → TE and µ →  in (16) and (17) we
obtain formulas for ETE(x, y, t). The free parameters are:
ϕi, wxi and wyi .
In (16) and (17), one can recognize squares of the en-
velopes for the fields (12) and (13), which move along the
same axes and with the same velocities as the fields. The
third term in (16) describes the interference of the inci-
dent and reflected pulses in vacuum. This term, different
from zero when the incident and reflected pulses overlap,
is strongly oscillating in the laboratory coordinate y, see
Fig. 1. The wavelength (of standing wave)
λsw =
1
2 cosϕi
(18)
depends on the angle of incidence ϕi but is independent
of the pulse radii, wxi and wyi .
Note that wyi defines the laser pulse duration τ . As-
suming that τ is defined as the width of the energy versus
time profile at half-maximum (for incident pulse), we ob-
tain using (16),
τ = (2 ln 2)1/2 wyi = 1.1774wyi . (19)
IV. DISCUSSION AND CONCLUSIONS
The parameters used in [1] were: n = 1.5 and µ = 1,
which implied  = 2.25. Furthermore, ϕi = 55
◦ and
wyi/wxi = 2, as we could read from Fig. 3(b) in [1].
The value of ϕi was close to the Brewster angle ϕB ≡
arctann = 56.31 ◦ for which RTM = 0 [R2TM(ϕi = 55
◦) =
1.77847× 10−4]. This could be the reason why no reflec-
tion was observed in [1], see Fig. 2, and would suggest the
laser pulse to have TM polarization. In that case, by ro-
tating the light source by 90 ◦ around the incident beam
axis, the TE polarization would be obtained, for which
R2TE(ϕi = 55
◦) = 0.1393 versus (1 + RTE)2 = 0.8840
for the refracted beam. The reflected pulse should then
be seen along with the incident and refracted ones, see
Fig. 3.
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FIG. 2. (Color online) Results for ETM(x, y, t), spatially av-
eraged over the interference peaks, for  = 2.25, µ = 1,
ϕi = 55
◦, wxi = 50, wyi = 100. No noticeable reflection.
The pertinent videos are given in [5] (our results as above)
and in [6] (experimental results of [1]).
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FIG. 3. (Color online) As in Fig. 2 but for ETE(x, y, t). See
[7] for the video.
In our calculations, based on the dimensionless formu-
las (16) and (17), for convenience we have chosen the
pulse radii to be rather small: wxi = 50 and wyi = 100.
The actual dimensions of the pulses used in [1] were much
larger but, as we will see, the results in that case are
closely related to ours.
At any instant t, the energy densities ETM(x, y, t) and
4FIG. 4. (Color online) Results for ETE(x, y, t), wxi = 20, and other parameters as in Fig 2.
ETE(x, y, t) are functions of x and y. They can be repre-
sented graphically by level contours. If we multiply the
pulse radii wxi and wyi by some a > 0, but at the same
time multiply by a also x, y, and t, all exponents in (16)
and (17) will remain unchanged. Therefore, if further-
more we either drop the cos term (i.e., replace it by its
average value zero) or take the extreme values (±1) of the
cos, the contours in these three cases will scale along with
a. For example, they will be enlarged a times if a > 1.
During this scaling, the interference peaks shown in Fig. 1
will remain unchanged. This scaling also means that the
contours in question for a 6= 1 will be the same as those
for a = 1, but one has to multiply by a the numbers asso-
ciated with t and with the x and y axes (the interference
peaks will then get squeezed a times if a > 1). In par-
ticular, this scaling is applicable to the contours shown
in Figs. 2 and 3, where we present “macroscopic” results
(averaged over the interference peaks by neglecting the
cos term).
Notice that for the incident beam, the LHS of (2) gains
the factor a−2 if yi and wxi are multiplied by a. This
increases the accuracy of (1) if a > 1. In our case (a = 1),
λsw = 0.8717,
y2i (t = −400)
yˆ2xi
≈ 2.6× 10−3, (20)
and the applicability condition (2) implies amin ' 0.1
(wximin ' 5).
The laser used in [1] was characterized by the wave-
length λ0 = 532 nm and the pulse duration τ = 7 ps.
Dividing this τ by T0 = 177.33 × 10−5 ps to make it di-
mensionless and using (19) we obtain wyi = 3352.7. This
leads to a = wyi/100 ' 33.5, a number by which one has
to multiply all numerical values in Figs. 2 and 3, to make
them applicable to the experiment described in [1].
In Fig. 4 we present the details of the interference peaks
evolution. The distance λsw between the peaks is given
by (18) and (20).
A strong validity test for our formulas and calculations
was a numerically confirmed continuity of the tangential
components of E and H across the boundary (y = 0±),
and the fact that the total energy was conserved (time
independent):∫ 1000
−1000
dx
∫ 1000
−1000
dy ETM(x, y, t) = 7853.982, (21)
for any t ∈ [−400, 400], and exactly the same result for
ETE(x, y, t), see Figs. 2 and 3. Incidentally, this conser-
vation was also valid for ETM and ETE spatially averaged
over the interference peaks, which can thus be treated as
macroscopic energy densities. Equation (21) illustrates
high accuracy of the paraxial approximation in our ap-
plication.
All calculations, figures, and videos were done by using
Mathematica.
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